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Let me N and define §,, to be the class of functions fe C™~(R) which, in each
[j—1, ] (je Z), coincide with some real polynomial of degree < m. We study the
cardinal spline interpolation problem of constructing an element seS,, with
s(j—2A)=y,, jeZ, where A€(0, 1] is a translation parameter. Under some natural
conditions on A and m, ter Morsche (in “Spline Functions” (K. B6hmer, G. Meinar-
dus, and W. Schempp, Eds.), pp. 210-219, Springer-Verlag, Berlin/Heidelberg/New
York, 1976) and Schoenberg (J. Approx. Theory 6 (1972), 404-420; in “Studies
in Spline-Functions and Approximation Theory” (S. Karlin, Ch. A. Micchelli,
A. Pinkus, I. J. Schoenberg, Eds.), pp. 251-276, Academic Press, New York, 1976)
have proved that this problem has a unique solution of power growth, provided
that the interpolation data are of power growth and that this solution can be given
by a series of Lagrangian splines converging locally uniformly. In what follows we
prove an analogous result for exponential growth conditions instead of power
growth conditions. Moreover, we extend the concept of extremal bases, given by
Reimer (in “Approximation Theory III” (E. Cheney, Ed.), pp. 723-728, Academic
Press, New York, 1980), to topological bases of normed spaces with infinite dimen-
sion and apply this concept to the subspace of all bounded functions of S,,.
© 1988 Academic Press, Inc.

1. INTRODUCTION

Let meN and let S,, be the class of cardinal spline functions of degree
m, consisting of all functions se C™~'(R) with

s(]—1+t)=p_](t)v pjepm’

for te{0,1] and jeZ, where P, denotes the linear space of real
polynomials of degree not exceeding m.

Further, let A€ (0, 1] be a translation parameter and y=(y;);cz be a
prescribed sequence of real numbers. We study the problem of finding a
spline s € S,, satisfying

s(j—A)y=y;,, JjeZ, (1)
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which is an element of some prescribed linear space ¥V < §,,. In accordance
to Schoenberg [14] we call this problem a cardinal interpolation problem
and denote it by the symbol

CIP(y, V).
In what follows we derive the interpolation theory for the space
Sz :={se S, sbounded}
by a method, which can also be applied to the spaces

S%ﬁﬁz) = {SE Sm: S(x) = 0(ﬂf)’ X = 0,

s(x)=O(BF), x » — 0},

B, B, R™, and which then provides for new results. In order to provide
that the cardinal interpolation problems CIP(y, S,,), CIP(y, S¥£9) are
not unsolvable in advance, we assume that y is an element of

Y :={y=(y,),c2€R%: ybounded},
YOB = {ye(y);ea € R y;=O(BY), j— o0,
y=0(pY"), j» -},

respectively (8,, ,eR™).
Under the assumption

(A=1=>m=1mod2) A (A=4=m=0mod 2) (2)

ter Morsche [6] and Schoenberg [14, 16] have examined the problem
CIP(y, V) for linear spaces which are given by polynomial growth
conditions. They showed that CIP( y, S,,) has one and only one solution of
power growth, if y € RZ is of power growth, and that this solution is given
by a series of Lagrangian splines converging locally uniformly.

In what follows we prove similar results for exponential growth
conditions instead of polynomial growth conditions. To this end we derive
a criterion for the convergence/divergence of the series of Lagrangian
splines used by ter Morsche and Schoenberg, as is usual in the theory of
power series. This is a generalization of the work of Reimer [9] who dealt
with the case A=1, m=1 mod 2. Finally we deal with the case

(A=1Am=1mod2)v (Ai=4 A m=0mod 2), (3)

which is of importance, as in this case the Lagrangians of the problem
CIP(y, S*) have the extremal property that their supremum-norms are
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given by one, see Reimer [8], Siepmann [17]. Besides, we extend the
concept of extremal algebraic bases for normed spaces, given by Reimer
[7], to the case of topological bases for normed spaces with infinite
dimension and apply this concept to the space SZ.

2. CONVERGENCE OF LAGRANGIAN SPLINE SERIES

Like Meinardus and Merz [3], Merz [4], ter Morsche [5,6], and
Reimer ({8,9] we make use of the generalized Euler~Frobenius
polynomials H,: C x C —» C, defined by

n+1 a " 1
H,(t,z)=(1~2) -(H—zg;) (T—_—Z-), (4)

t,zeC, |zl <1, ne Ny. Due to ter Morsche [5] the zeroes z{”(¢) of H,(t, -)
are real distinct and non-positive, if te[0,1], n>1, and may be
enumerated such that

M) <zt < - <zM() <0 (5)
holds (with z{")(1)= —oo; compare (7)). By the definition of the H, we

obtain the following properties (which are proved in ter Morsche [5] or
Siepmann [17]):

i
EH,,(t,z):n-(l—z)-H,,;l(t,z), neN, 6)
H,(0,z)=z-H,(1,z), neN, (7)
H(1—-t,z)=2z"-H,(t,z7"), z#0, (8)

z{"(¢) is strictly monotonic decreasing with respect to te [0, 1], (9)
<0 if re[0,1-4)

=0 if 1=1-], (10)
>0 if re(1-41)
v=1,..,m, Ae(0,1],

o Hn(t9 25")(1 —)‘))
TTH(1 -4, 2001 —4))

Hytz)=n Y. Bo(j+1)2, (11)

j=0

te[0,1], zeR, nelN,
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where B, , denotes the unique element of S, with supp By, = [0, n+ 1] and
& Bon{x)dx=1 (compare Meinardus [1]).

We base our ideas on the following representation of the Lagangian I,
of the problem CIP(y, S¥), where S¥ is defined by

SN :={seS,: s(x+N)=s(x), xe R}.

Note that due to ter Morsche [5] CIP(y, S¥) has a unique solution for
any data ye Y",

YWi={y=(3);c26R”: y;un=y;, J€Z},

provided that the parameters 4, m, and N satisfy the condition

N=1mod2
or

N=0mod2 Am=0mod2 A 1+#1 (12)
or

N=0mod2 Am=1mod2 A A#14.

Let /', be the unique solution of CIP(y, S%) for the data

(0 if k#O0modN,
Y =11 if k=0mod N,

keZ, and define ¢, e P, by
g =1(j—1+1), te[0, 1],
je€Z. Using the abbreviations
2,2 =21 =1) and a, (t)=al")(1)
we have the identity
0= =070, 3 a0 =2k (13)
P

for te[0,1], j=0,1,..,N—1 In case of A=1 A m=1mod 2 Reimer [8]
has derived similar equations from a well-known representation by Meinar-
dus and Merz [3] and Merz [4] by means of the residual theorem. This
method has been extended to the other cases noted in (12) by Siepmann
[17]. (13) may be proved in the same way, but it became possible to derive
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it without using the residual theorem by purely algebraic methods (Reimer
and Siepmann [107]).

In order to obtain a representation of the Lagrangians of the inter-
polation problem CIP(y, S®) we need the following notation.

Let te [0, 1) and ne N\{1}. Define

IP(t) = {pe {1, .., n}: |z =1},
Iy = {pe {1, .., n}: |z <1},
r{(t) ;= max I{7)(¢),

r§(t) :=min 1{(1),

L) 1=z (),

[(r) = Zﬁgl))(,)(t).
Note that I"(f) # &, j=1,2, and {{"(t)< —1, —1<{{(1)<0 hold for
te [0, 1).
By the limit process N — oo we have

Lemma 1. Let meN\{1}, Ae(0,1], ve{0,1,..,m—1}. Then the
sequence ((d/dx)’ BN *'(x))yen converges locally uniformly on R. The
Sunction IZ,: R - R, IR,(x) :=limy _, ,, 2%+ (x), has the representation

l(fx(lvl'i‘t):‘lﬁ(t), tE[O,l],jeZ,
with

(L=ty"A=" 6o, — X5 al(t)-(zm(1— 1))~

pe (1 —2)

g73(t) = Jor jeN,, (14)

;* am(t)- M1 —A)~ "t for —jeN,

e M1 -2

where the asterisk in the sums means that every term of the sum belonging to
a summation index p with \z{™(1— 1)| =1 is to be weighted by the factor L.
Moreover I3, is a solution of CIP((d,,); 7, S%) and we have the

asymptotic
I2(—1+0)=0(m1-)~), j-ooo,

IB(—-1+0=0(4"1 - 7), j- —oo.
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Proof. Note that, by (13), the limits
d . d\’ .

d\’ . a\’ .
(% dt) 0= ngnw( Z) B0 e,

are uniform with respect to te [0, 1], v=0, 1, ..., m — 1. Thus the properties
of I3%, given in Lemma 1, are direct consequences of the interpolation
properties of the regularity properties of 2y *', and of (5).

(15)

Remark. 1f assumption (2) holds, then we even have that the limits

(4) o= tim () 500
exist, v=0, 1, .., m — 1; in this case the representation of the Lagrangian /g,
coincides with that given by ter Morsche [6].
Next we define the functions [5€ Sy, je Z, by
[2(x) == I (x = j), xeR,
and deal with the problem of convergence/divergence of the series

Y ninx),  xeR,

j=—

which is called convergent (uniformly convergent, locally uniformly
convergent), if both the series

Z yin(x and Z y;15(x)

converge (converge uniformly, converge locally uniformly).
Further, let us introduce the abbreviations

z, =21 = 4), () i=alm)(1), u=12,..m
Cj,l = CJ(M)(I - j‘)’ Ij',l = Ij('m)(l - A’), ]= 19 2,
ra=r(1=4),  j=12

As a consequence of Lemma 1 the formal series

sh=141:= 5 yl5k—1+1)

j= -



CARDINAL SPLINE INTERPOLATION 173

satisfy the following identities for ke Z, re [0, 1]:

stk—1+1)= Y, Vil k—1+41—)

j= -

= 3y v .0+ Y Y4 ;4(1)

j=k+1 j=—k

I ™18

Virj—195;.(8) + Z Yie—;455(8)
i=0

j=2 j=

=y {1-0)"A""+ Z Virj-1- Z* au,/l(f)z{“]z
j=2 nen;

e o)

- Z Yi—j- Z* a,(t)z, 57"

j=0 uel;

o) ] z J
(=04 Sy oalhye T a,‘,l(t)(—“ﬁ)
=0

i= peh; {2
© ) C J
=3 e nlids Tt aun (2. (16)
j=1 el Zua
Now define the polynomials 4;,, B, ;, jeZ, by
%* Z,u,.l I
Aut)= L7 a,,(1) (72 )
2,4

nel,

B ()= Y a,t)- (%—’{)],

el uA

te [0, 1]. By (5) and (10) the inequalities

0<a,, (D <401 < T la, )l <4,

pelh;
*

0<la, (D <IB (< Y la, (1)< B,
nel,

hold for 1€ [0, 1)\{1 — A}, je Z (see Reimer [9], Siepmann [17]). Hence
we conclude that the identities

lim sup /| y;| =tim sup /|y, k11 - 4,01,

Jo o oo (17)
lim sup ‘\j/l | y;| =lim sup Y [ Viv+1Biad
j— —® j— —©

hold for ke Z, te [0, 1)\{1— A}. Now we can prove
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Tueorem 1. Let me N\{1}, Ae(0,1], and (y,);., € R? and define
R, =(limsup.J|y,1)"", R_:=(limsup ¥/ ;)" (18)

j= j— —w®

Then the series

0= Y ylEe) (19)

j=

is convergent for xe€ (1 — A)-Z by definition, for xe R\(1 - 1) -Z, if

(1 - <R, and  M(1—4) '<R_ (20)
holds, and it is divergent for xe R\(1—-1)-2, if

A -Al>R, or [LM(1-A)T'>R_. (21)

Moreover, if condition (20) holds, then the formal derivations

fe o) d v
= % (%) 1w
Jj=—x
converge locally uniformly in R, v=0,1,..,m—1, and s is a solution of
CIP((y;);cz> Sm)-

Proof. Convergence/divergence of the series (19) is an immediate
consequence of (17). Now let (20) hold. If we substitute the polynomials
a,; in (16) by (d/dt)'a,,;, v=0,1, .., m—1, then we derive the uniform
convergence of (d/dt)’s(k — 1 + t) with respect to te [0, 1] by means of the

inequalities
lim sup\/y (d>vA (t)
Y Vive+1\ 7, ¥
el N )

d v
lim sup u\‘/ Vi 1-(—> B;,(1)
j— — R dt ’

v=0,1,..,m—1, ke Z. Using the relations

d\’ dy’
(%) a0=(3) 9.0,

v=0,1,..,m—1, jeZ, we conclude the locally uniform convergence of the
s,, v=0,1,..,m—1, and hence se C""!(R). From (16) we obtain the
identity

<R7Y

<R-Y,
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stk—1+8)=y(1-0)"A""+ Z* a, (1) Y Yi+j+1Zha
=0

neh; j=
* < ,
- z a,;(t)- 2 Ye—j+12,.3 (22)
nel; j=1

for te[0,1], ke Z, which proves that s is an element of S,, and thus a
solution of CIP(y, S,,).

Remark. Condition (20) of Theorem 1 means that the data (y));.z
satisfy the growing condition
y;=0(B) Jj— o0,
y;=0(BY), j— —o0,
with
Bi<Ilim(1—2)~'  and  By<|i™(1-1)),
i.e_’ ye Y(ﬂlsﬂﬂ'

If assumption (2) is valid, then the interpolation problem CIP( y, S¥) has
a solution s with

0= 3 plEm= Y ylnE—))

j=—© j=-—

= Y ¥ ni&(x—j+N)=s(x+N),

j=—

provided that ye Y" (compare Schoenberg [19]). Moreover, if we define
the data y=(y,);.; by

_ {0 if j£O0modN
YIS ff j=0mod N,

then we obtain the relation

Sk=140)=(1—=t"L " 8op+ ¥ a,ut)- Y, 2% *~!
pel; j=1

e )

- X a0} !
f=0

pnely; j=

= q}(v,/l(t),

te[0,1], k=0,1,.., N—1. Thus under assumption (2) the identity (13)
may be derived from the representation of /§;, given in Lemma 1.
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3. UNIQUENESS

Due to Schoenberg [ 14, 16] the dimension of the linear space
W,:={seS,:s(j—1)=0, jeZ}
is given by

d_ﬁ{m—l if A=1
Y 0 m if Ae(0,1).

To construct a basis for W, Schoenberg used the cardinal exponential
splines, defined by

s(x;z):= Y ZBy(x—j) xzeR

Jj=—o
By means of the relations (8) and (11) it is easy to prove the identity

k—1 k—1—-m

s(k—1+t;z)=z Hm(t,z‘l)zz

m! m! Hm(l_t, Z), (23)

te[0,1], ze R\{0}, keZ From (23) we conclude that the functions
Sv,iesm’ v=1, .., d}.,

Soalx) i=5(x; 20(4)) = 5(x; 2,1 1)

are solutions of CIP(0, S,,) and that every non-trivial linear combination
D(x) =% | &,5,.(x) satisfies

k-1 Dk — 1

e E@NF Jm o % @

te [0, 1)\{1—4}. As a consequence of (24)

W,=span{s,,:v=1,..,4d,;},

(compare Schoenberg [14,16]) and hence the cardinal interpolation
problem CIP(0, S¥#)) has a unique solution, if

By <ICm@AN = 1¢5 (1 —4) !
and (25)
B <|L4mQA) =101 = A)|.

In this case the series (19) is a solution of CIP(y, S¥#62), if ye YPrPD a5 is
shown in the following theorem.
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TueoreM 2. Let meN\{1}, A€ (0, 1], and B,, f,eR™ with
=) < By < i =) ! (26)
and
L5701 = A) < By < 1L = A)I. (27)
Further let
(A=1=m=1mod 2) and (A=1{=>m=0mod2). (28)

Then CIP(y, S+82)) has a unique solution s for any data y € Y#v#), which is
given by the series (19).

Proof. Let s,,s, be two different solutions of CIP(y, S¥#9). Then
§; — 8, is a non-trivial solution of CIP(0, S{1#), which is a contradiction
to (25). Hence uniqueness of the theorem is shown, and in view of
Theorem 1 we only have to prove that the growth conditions

s(x) = O(BY), X — 0,

(29)
s(x)=0(B%), x- —oo0,

are satisfied by the series (19).
From Eq. (22) we obtain for fixed ke N and ¢ € [0, 1] the inequalities

Istk—1+1)| < C- {/M "+ Y a0l Z Bi+/+ Nz, .l

pely, j=0

+ Y a0 Z B+ z,,

nel;

b Y lau0- Y g |z,,,l|-f}

neh J=k+1

<cC. ﬁ"{l "t T a0l B Y (B lzlY

neb; j=0

+ % la, 0] B, - Z (B112,a1) }

nelh, Jj=

+C- Y a0l |z, * ! Z (B2 1z, 1Y,

nel, Jj=
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where the involved series converge by (26) and (27). Thus we have for
x>0, t:=x—[x], k:=[x]+1,
Is(0)] = [s(k — 1+ 1)) < Co(BF+ 1,4 =)
S2C B =2C 1B
<C Bi-'t=C B,
which shows the first part of (29). Since the second part is proved with the
same methods (see Siepmann [17]), it is omitted here.

Remark. Theorem 2 is sharp in the following sense. If the assumptions
of Theorem 2 are valid with the exception of (26), which is replaced by the
condition

Bi<ICim(t—4) 7,
then we cannot conclude the existence of a solution of CIP(y, S,,) with

s€ SBib), (30)

In case of B, <|{{™(1—A)|~"' (30) is violated by every cardinal spline,
interpolating the data y=(d,;),.z, which is an immediate consequence of
Lemma 1 and (24).

Now let f,=|{{™(1—4)| ' and (y,);., be a sequence of data with

yj=(9(ﬁl2j|)’ ]_') — 0,
and A
yi=ma-4)~,  jeN.
Following the proof of Theorem 2 we obtain the inequality

Is(k—1+1)|
e— > Ck, ke,
¢ =) ~*

for 1€ [0, 1)\{1— A}, where s denotes the Lagrangian spline series (19).
Using (24) again, we conclude that there is no solution of CIP(y, S¥£2)
for the sequence y=(y;);.z, given above. The same is true, if (27) is
replaced by the condition

By < IE5(1 =)
Moreover, CIP( y, S¥+#2) has no unique solution, if and only if
Brl<lz,(1-4)<h,

holds for any ve {1, .., m}.
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If the data y = (y;),. satisfy the condition

|yl =2 C- LA -7, veN,
or

1y7jv\>C-]C§””(1—l)|j”, ve N,

for a strictly monotonic increasing sequence (j,),.n € NV, then the series
(19) doesnot converge for e [0, 1)\{1 — A}. However, notice that there are
data of exponential growth which have a solution of CIP(y, S,,) of the
same exponential growth, although the series (19) doesnot converge,
compare Schempp [13], Schoenberg [15].

In the case m=1 we have analogous results in Theorem 1 and
Theorem 2, with slightly modified growing conditions, due to the fact that
H,(t, -) has at most one zero, t€ [0, 1]. The reader is referred to Siepmann
[17].

As a consequence of Theorem 2 we have

CorOLLARY 1. Let meN\{1}, €[00, 1), and B,, B,eR* satisfy the
conditions (26) and (27). Moreover, let (28) hold and define (L;;);.n by

e JOO
L2j.). '_lj,l’

(31)
Ly ;= lofj+ 1,29
jeN:
(a) If the space S+# is provided with the topology of locally uniform
convergence, then (L,,), . is a Schauder-basis of S (in the sense of
Singer [19]).

(b) If ST is provided with the topology of uniform convergence, then
(L;3)en is a Schauder-basis of Sy;.

Proof. By Eq. (22) we conclude the uniform convergence of the series
(19), if y e Y. Thus, by Theorem 2, (L;;);. y is a topological basis of both
the spaces S1#2 and §©. We have to show that the associated coefficient
functionals

Qiﬁn,ﬂz); Sff"ﬂ” >R, . S2 R,

§= i Cij,A - &,
j=1
ke N, are continuous, which is a direct consequence of the inequalities
|@Pr(s)| < supf{ls(x)]: xe [k, k1), seSEP,
l@2(s) <sup{is(x)]: xeR}, seSx=.

640/53/2-5
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Finally, we conclude that the periodic interpolation problem CIP(y, SY)
has a unique solution, if y € Y”, provided that (12) holds. This is a direct
consequence of Theorem 2, if

(N=1mod2 A i=1Am=0mod2)

or (32)
(N=1mod2 A l={Am=1mod2)

is not satisfied. Now let (32) hold; then every solution of CIP(0, S) is of
the form

s(x)=C-E,(x)=C-(~1)-H,(x—[x], —1),

xe[j,j+1], jeZ, CeR, where E,, is the so-called Euler-spline, which, by
definition, is a function of period 2. Thus every solution of CIP(0, S%) must
possess the odd period N and the period 2, which is only possible if C=0.
Hence the homogeneous problem CIP(0, SY) has a unige solution,
implying that CIP( y, S”) has a unique solution for any data y e Y" even in
case of (32).

4. EXTREMAL TOPOLOGICAL BASES OF NORMED SPACES

By a result of Reimer [8] and Siepmann [17] the Lagrangians /}%;, je Z,
NeNwu {o0}, satisfy the equalities

MY =sup{[l(x)): xeR} =1, jeZ,

if Ae{, 1}, where we assume that (12) holds in the periodic case.
Algebraic bases of normed spaces with this property belong to the class of
extremal algebraic bases of a normed space X, thus allowing a stable
representation of the clements of X (see Reimer [7]). We extend this
concept of extremal bases to topological bases of normed spaces with
infinite dimension.

DerFINITION.  Let (X, [-]|) be a normed space with infinite dimension,
(x;);en be a topological basis of X and @,: X >R, 5= X
®,(s)=¢&,, be the associated coefficient functionals, ke N. Further, let
V.(X)< X be defined by

Vi(X):={xeX: ®(x)=0},
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ke N. Then (x;),.n is called an extremal topological basis of X, if 0e V,(X)
is a solution of every of the following problems of best approximation:

llxe—v*| =inf{[lx, —v|: ve Vi(X)},
keN.

Now, let X:=S% be provided with the sup-norm on R, define
x;:=(L;;);en by (31) and assume for the rest of the paper that (3) is valid.
Since

ILok o= sh 21U, —s)(—k—A) =1
==l = Lo 14l
holds for any se V,, _(S¥) and
“sz,f‘S” 2 |(11?/1‘5)(k_1)| =1
=152 = Lo |

holds for any se Vy(S;;), we recognize that (L;;), . is an extremal
topological basis of S,

Let the maps @*: S — [ = {£eRN: ¢ bounded} and #": S¥ —» R be
defined by

s= 3 &L (E)en=B=(s), (33)
j=1
5= Y Gl (€ o E) = BY(s), (34)

~.

NeN. It is convenient to introduce the numbers
cond @~ := {| & - (@) Il

Ne N {00}, which are called conditions of the representations (33), (34),
respectively. Here || - || is the usual operator-norm, where the spaces I, R"
are provided with the sup-norm, Ne N. As a consequence of the fact that
(L;i)jen and {I,: j=1, .., N} are extremal bases, we have

o0

Y &L

j=1

el = e Laall < , keN,

and

&
]
-
=

1Skl = IE,lE, 1 <

N
2 &hals
j=1

and hence
e =1,



182 DIETMAR SIEPMANN

NeNuU {oo}. Moreover, if |¢] <1 we obtain the inequalities

(@) (&)l = f &L
=sup{ Sf EL,x)|: xeR}
<sup{z |LM(x)|;xeR}
ezl
and
(%) 1) = f &1

PIRSIAEY

=sup{
j=1

:xeR}

N

<sup { Y Nl xe IR}
j=1
=L,

where £, (£ ;) denotes the cardinal (N-periodic) spline-interpolation
operator, which maps any bounded (N-periodic) function f: R — R onto
the unique solution of CIP((f(j—4));.z,Sw) (CIP((f(j—2))jcz, Sh)).
Thus we have

cond V< ||.£X I, NeNu{oo}.

Note that, due to Reimer [7], the condition of an extremal basis of any
finite-dimensional normed space is bounded by its dimension. Since
Richards [11] proved the relation

NZmall =sup{llZ 5, ll: NeN} = Tim I.£ 1,

the bound given above is small, compared with the dimension of S¥ in the
periodic case Ne N, if N is chosen sufficiently high. For the calculation of
ey ll, NeNuU {oo} and the asymptotic behaviour of [|£2Z, ||, m — oo,
see Meinardus [2], Meinardus and Merz [3], Merz [4] Richards
[11,12].

Finally let us remark that we conjecture that the sums of the squares of
the Lagrangians, involved in (33) and (34), are bounded by one, if (3) is
valid. This has been shown in the case of m=3, 1=1 by Siepmann and
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Siindermann [18] and may be veryfied for m=2, 1=1, using the same
method, and in the case of m=1, A=1 by direct calculation.
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